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Abstract. By adopting a new approach to the analysis of the density of 
p-adic solutions arising in applications of the circle method, we show that 
under modest conditions the existence of non-trivial p-adic solutions suffices to 
establish positivity of the singular series. This improves on earlier approaches 
due to Davenport, Schmidt and others, which require the existence of non- 
singular p-adic solutions. As a by-product, we obtain a version of Hensel's 
Lemma for linear spaces. Finally, we illustrate the strength of our new method 
with an investigation of rational linear spaces on the intersection of cubic 
hypersurfaces, establishing in particular that any system of R cubic forms has 
a common zero, provided only that s > (13i?) 4 . 



1. Introduction 

Thanks to the groundbreaking work of Davenport [3] and Birch [5] and later 
Schmidt |18) , the treatment of forms in many variables is now one one of the most 
classical applications of the circle method. However, the generic outcome of the 
circle method being only a local-global principle, the transition to asymptotic es- 
timates of the number of solutions depends on the additional condition that the 
local solutions are not only non-trivial but non-singular, and for this problem no 
fully satisfactory methods have been available so far. Indeed, while non-singular 
real solubility is harmless if the degree is odd (see |17l §2]), establishing comparable 
statements over Q p is a far more delicate problem, and whilst it is not impossible 
to infer the existence of non-singular p-adic points from our knowledge about non- 
trivial p-adic solubility, the technical devices which are commonly applied in order 
to do so are complicated and wasteful. In this paper we address this problem and 
develop a more efficient geometric approach for making the transition from non- 
trivial to non-singular p-adic points at the cost of inflating the number of variables 
by no more than what is required by the geometry of the problem. 

Let Hd(R,m) be the least integer H such that for every non-singular system F 
of R forms of degree d in at least s > H variables there exist nonnegative constants 
Xoo and Xp f° r every prime p such that the number (P) of linear spaces of 

affine dimension m and height at most P contained in the complete intersection 
F = obeys the asymptotic formula 

N { £ m (P) = P ms - Rrd Xoo II X P + o{P ms - Rrd ), 

p prime 

where the parameter r is given by 

/ d — 1 + m\ 

H d ■ (L1) 
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Then Birch's theorem [5] and its multidimensional generalisation [3, Theorem 1] 
provide the upper bound 

H d (R,m) <2 d - 1 T m (d-l)R{Rr + l), (1.2) 

where T\ = 1 and r m = 3 if m > 2. Similarly, let 7$(-R, ?n) denote the least integer 
7 such that any system of R forms of degree d in s > 7 variables contains a p-adic 
linear space of affine dimension m. These are bounded above, so we can safely define 

ld( R > m ) = SU P Jd( R > m ) 

p prime 

to be the least number of variables for which there are no p-adic obstructions to 
the solubility of the linear spaces problem. 

Furthermore, we follow Birch [2J in defining the singular locus of the as 

& = jx : rank(9iF (p) (x)) <R—l\. 

It should be pointed out at this stage that, while Birch [2j seems to define his 
locus of singularities over R, most of our discussion involves the fields Q p of p-adic 
numbers. However, in either case the dimension is bounded above by the dimension 
of the singular locus over the algebraically closed fields Q p resp. C, so this presents 
a well-defined upper bound. Our main theorem is the following. 

Theorem 1.1. Let F = (F^- 1 ', . . . , F( R >) be forms of degree d, where d is odd. 
Furthermore, suppose that 

s — dim © > max {Hd(R, m),"f^(R, m)} 

where r is as defined in (jl.ip and the singular locus is viewed over an algebraically 
closed field. Then we have 

n rU p ) = P ms - Rrd Xoo II X P + o(P ms - Rrd ), (1.3) 

p prime 

and the product of the local densities Xoo Y[ p Xp * s positive. 

Notice that the bound s — dim© > Hd(R,m) is just the condition in Birch's 
theorem in [5] and [5] , respectively, and the real solution density is positive for odd 
degree, so the significance of Theorem 11.11 lies in the implied bound s — dim & > 
7^ (R, m) for non-singular p-adic solubility. This bound clearly supersedes the pre- 
vious treatment of the case m = 1 due to Schmidt (see the first supplement and 
the discussion after the proof of Lemma 2 in [TT]), which requires 

s-dim© >2 d - 1 {d-l)R 1 * d {R, 1) (1.4) 

in order to ensure that the p-adic densities be positive. In contrast, the bound in 
Theorem 11.11 is much simpler, such as one would naively expect, and indeed the 
effect of our new result is that, from a philosophical point of view and as far as 
p-adic solubility is concerned, the non-diagonal problem is now on an equal footing 
with Waring- type situations. 

As for numeric values, recall that for Hd(R, m) we have the bound (|1.2[) . whereas 
[2"Ul Theorem 2.4] implies that 

7d(- R > m ) < ( R2d2 + mR) 2 "' 2 d 2 "' 1 . 
Thus Theorem 11.11 implies that for odd d we have asymptotic behaviour as soon as 

s - dim© > max |2 d - 1 r m (d- l)R{Rr + 1), {R 2 d 2 + mR) 2 "' 2 d 2 "' 1 j . 

Notice that the second term will in most cases dominate, yielding to the first only 
for some values of m and R if d = 3. 
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As in [3] , for small degrees d we can get rid of the non-singularity condition at the 
expense of increasing the bounds on s. Let j^(R,m) denote the smallest number 7 
such that any intersection of R hypersurfaces of degree d in s > 7 variables contains 
a m-dimensional rational linear space. We remark here that the dimension m of the 
linear space is understood in the afhne sense, so one-dimensional linear spaces are 
really just projective points, and in this case one has the long-standing bound 
73 (R, 1) < (10i?) 5 obtained by Schmidt [17) . There have been various attempts for 
improvement on the constant, usually at the cost of either having to make further 
assumptions regarding the p-adic solubility or settling for higher growth rates in 
R (see Theorem 1], [131 p. 546] and [201 Lemma 3.1] for instance), but as yet 
nobody seems to have succeeded in obtaining anything below quintic growth rates 
in R. 

Theorem 1.2. We have 

T3(-R,l) < H925i?(i?+ l) 3 . 

This is the first time that quartic growth in R has been attained for these quan- 
tities. Notice that for R < 2 one has the bounds of 73(1, 1) < 14 and 73(2, 1) < 827 
due to Heath-Brown |12[ Thm 1] and Dietmann and Wooley (8) Thm 4], respec- 
tively, and for R > 3 the bound in Theorem 1 1 . 21 can be simplified to give the bound 
stated in the abstract. The main reason that made this improvement possible is 
the fact that previous authors pursued the strategy of trying to gain better control 
on 7^(i?, 1) for cubic forms, whereas our improvement stems from the fact that 
Theorem 11.11 allows us a more efficient use of existing bounds, and in fact saves one 
power of R over previous results. 

For general m this problem has first been successfully attempted by Lewis and 
Schulze-Pillot [H P- 282], who proved 

7 3 (i?, m) < R n m + R 3 m 5 , 

a result that has been supplemented by Schmidt's (see [141 p. 283]) bound of 

j 3 (R,m) <i? 5 m 14 . (1.5) 

Later results include Dietmann's bound of 73(i?,m) <C R 6 m 4 + R 5 m 6 [9, Theo- 
rem 2], and recently Brandes [3J Theorem 3] succeeded to establish 73(^,77?,) <C 
R 6 + R 3 m 3 , thus supplanting all previous bounds but that of Schmidt (|1.5|) . which 
prevails for m i? 1 / 14 . With the help of Theorem 11.11 we are now able to derive 
improved estimates which supersede all of the above. 

Theorem 1.3. We have 

7 3 (i?,m) < min {i? 4 m n , R 5 + R 3 m 3 } , 
and the constant can be made explicit. 

Again, this saves roughly one power of R over previous results, and as before, 
this saving can be traced back to the factor of R that Theorem 11.11 gains over older 
approaches. Note that in the case R = 1 different methods [5J Thm 2] yield 

73(1, m) < ^(5m 2 + 33m + 32), 

which beats the bounds we are able to obtain in the respective case even for small 
values of m. 

I would like to express my sincere gratitude towards my supervisor Trevor Woo- 
ley, without whose keen insight and constant encouragement this work would not 
have been possible, and towards Tim Dokchitser for many helpful discussions about 
algebraic geometry. 



4 



JULIA BRANDES 



2. Hensel's Lemma for linear spaces 

A crucial stepping stone in the proof of Theorem 11.11 is a suitable version of 
Hensel's Lemma, adapted for linear space situations. As is usual with arguments 
in the spirit of Hensel's Lemma, this involves finding a non-singular approximate 
solution which can then be lifted to higher moduli and ultimately generate solutions 
in Q p . It is, however, not obvious what shape the non-singularity condition takes 
in our case, as the multi-dimensional situation has a higher degree of intrinsic com- 
plexity than the one-dimensional setting. This makes it necessary to spend some 
time specifying what it means for a solution to be non-singular. 

In order to count linear spaces contained in the hypersurface defined by F = 0, 
one needs to understand expressions of the shape 

F^(i 1 x 1 + ... + i m x m ) = 0. (2.1) 

Suppose the forms xi,...,x s ] are given by 

FW(x)= ]T c^\i)x h -...-x id 
ie{i,. ..,»}<* 

with symmetric coefficients c^ p \i) £ Z/dl. Then we can define the multilinear forms 
$W associated to F^ as 

$W(xW ...,xW)= £ c^(i)xW.....x^, 
ie{i,...,s} d 

such that 

F'"'(x) = $^(x,...,x). 
Write J for the set of multi-indices 

J = {{h,32 ) -.-,jd) G {l,2,...,m} d : jx < j 2 < ■ ■ ■ <Jd}- 
The number of these is 

Card(J) = r, 

which is the parameter defined in (|1.1[) . By means of the Binomial Theorem, (|2.ip 
can be written as 

FW (f iX! + . . . + t m x m ) = £ A(j)^t i2 . . . t ia *W ( Xjl , x, 2 , . . . , x Jd ), (2.2) 

with suitable integral factors A(j) that take account of the multiplicity of each term. 

For the sake of brevity and compactness, we will introduce the shorthand nota- 
tion 

(xi , . . . , X m ) X 

and 

d!$W(x Jl ,...x ii ) = *^(x). 
This way, every linear space corresponds to a solution to the system of equations 

$j p) (x) = for all j e J, 1 < p < R, (2.3) 

and the forms <&: have integral coefficients. Furthermore, let Yft m (p l ) denote the 
number of solutions xj., . . . , x m € Z/p'Z of the simultaneous congruences 

F (p) (x 1 t 1 + ...+x m t m ) = (mod/), l<p<R, 
identically in t\, . . . , t m , then by (|2.2p this can be written as 

T R , m (p l ) = Card {a g {Z/p l Z) ms : $j p) (a) = (mod p l ) for all j € J, 1 < p < R,} . 

(2.4) 
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Suppose a 6 (Z p ) ms is a solution to 

$j p) (a) = (mod p h ) for all j G J, 1 < p < R. 

Consider a small disturbance a + p'x of a, then an application of Taylor's theorem 
yields 



$j p) (a + p'x) = $[ p) (a* + p'x,-, , a i2 + p'x ja , . . . , a Jd + p l x jd ) 



$J p) (a) + p l B ( f> (a) • x + (a) (p'x 



(p), 



(2.5) 



where i?j p) (a) (x) is a polynomial in x all of whose terms are of degree > 2, and 
Bi p -* (a) is defined as follows. If e„ is the n-th unit vector, we write 

4 p) (x (1) ,...,x( rf - 1 )) = $( p )(e„,x( 1 ),...,x( d - 1 )), 

so that 

s 

$ (p) (x, ai,...,a d _i) = y^-Ln(ai,...,a d _i)x n . 

n=l 

Then we can define B. (p) (a) via the relation 

d 

B\ P) (a) • x = ( a ii > • • • > a j*-i « x j fc . a j fc+ i . • • • . afe) 



k=l n=l 



EE 

i=l n=l 



.fc=i 



where 5ij denotes the Kronecker delta. Letting the term in the square brackets be 
denoted by Bf^ one has the (Rr x ms)-matrix 

A solution a to (|2.3p is therefore singular if rank(^(a)) < Rr — 1. 

For an integer matrix A let iauk q (A) denote the rank of the matrix A reduced 
modulo q. This is clearly bounded above by rank(A) in the classical sense, and the 
number of q such that rank g (A) ^ rank(A) is finite. If the matrix A depends on a 
parameter x we will write ord p (^4) for the least power h of p such that for some Xo 
one has 

rank p ft (t4(xo)) = R r 
if such an integer exists, and ord p (^4) = oo otherwise. 

Suppose the system (|2.3[) possesses a non-singular solution and let ord p (M) = 
a < oo. Then for some a the matrix ^?(a) has has an (Rr x i?r)-minor ^o(a) with 
the property 

|det^ (a)| p =p 1 - ff ; (2.6) 

we can assume without loss of generality that it is the first minor. Write M(a, v) 
for the number of the number of a G (Z/p 2cr_1+ly Z) ms such that 



■j (a) = (mod p 



|det^ (a)| v =p 1 



for all j S J, 1 < p < R (2.7) 

(2.8) 
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Then M(a, v) can be bounded below. 

Lemma 2.1. Suppose ms > Rr. For any v > the number of a. (mod p 2o "- 1 + i/ ) 
subject to (12. 7p arte? (|2.8p is ai feast 

M(cr,v) >p( ms - Rr >M(<j,Q). 

Proof. The proof is an amalgam of the arguments of [SJ Lemma 17.1] and [TU1 
Prop. 5.20]. For M(a,0) — the result is immediate, so it suffices to consider the 
case M(cr, 0) > 0. Also, the lemma is true for v = 0. We can therefore proceed by 
induction and investigate M(cr, v + 1) under the assumption that for some given 
v > the statement is true. Let a be one of the > p( ms ~ Rr > u M{cr, 0) solutions to 
([2~Tj) and counted by M(ct, v). As in ([23)1 , Taylor's theorem yields 

^(a + K^x) = $j(a) + p a +»B i (a) • x (mod p 2,T+2,y ), 

and by (EHJ) we can write $j p) (a) = p 2CT - 1+,y <^ p) for some <^j p) e Z. Also, by (|2^|) 
there is a matrix <vK £ Z RrxRr such that 

^T^o(a) = det(^ (a)) Id flr = Pff' 1 Id flr 

for some /3 coprime to p, so the system of congruences 

$j p) (a) + p° +v B\ p) (a) • x = (mod p 2<T+v ), j G J, 1 < p < R 
implies that 

p 2a - 1+ \^ip + p a+v ,^2${a) • x = (mod p 2<T+u ). (2.9) 

The matrix .y^ 33(a) is of the shape 

jT&lta) = ,yV {33 {a)\S3i{a)) = ((3p a - 1 ld Rr |^^i(a)) 

for some matrix S$\ (a) , so if we restrict ourselves to counting solutions x of the 
shape 

\yi \<%<Rr 
x% = < 

I p a i/i Rr + 1 < i < ms, 



we can write 



where 



,yV,3§(a) -x =p a - 1 3§-y 



m= (pid Rr |^^i(a)). 
Thus the number of solutions to (|2.9[) is at least as big as the solution set of 

jVip + My = G (mod p). 

Since JY , ip and SB are fixed, this can be considered as a non-singular system 
of Rr linear equations in ms variables and therefore has p ms ~ Rr solutions. Thus 
altogether we have 

M(a,u+ 1) > p^ ms - Rr ^M{(7,v) > pl ma - Rr X v+1 )M(a,0) 

as claimed. □ 
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3. Understanding the singularities 

In order to proceed further it is crucial to control the singular cases in order 
to show that M(a, 0) ^ 0. Since the matrix 3§{a) is somewhat unwieldy, we are 
not attempting to prove that it is indeed non-singular for any given a, but will 
rather show that under some suitable non-singularity condition on F these bad 
cases cannot occur too often. This will be accomplished by a suitable version of the 
inclusion-exclusion principle in the finite case and by the affine dimension theorem 
in the Q p -case. 

Write ^(a) for the matrix c5^(a) = [d n F^ (a)) n . In this notation we can define 
the reduced solution set and singular set as 

X(p h ) = {( Xl ,...,x m ) e [l,p 2h+1 } ms : *W(x) = (modp 2 " +1 ) for aUj,p} 

&{p h ) = {a 6 [l,p 2h+1 ] s : ranV(j/(a)) <R-l) (3.1) 

for any given positive integer h. Notice that according to our definition of T R ,m 
in (HU, the cardinality of X(p h ) is given by Ca,rd(X(p h )) = T Rim {p 2h - 1 ). Then we 
can ensure the existence of a non-singular solution to (|2.3[) . 

Lemma 3.1. Suppose that for some integer h one has 

r R , m (p 2h+1 ) > p ms(2h+1) -p< 2h +^ + Card(©(p' 1 )). 

Then 

M(l,0) > 0. 

for some I < h + 1 . 

Proof. Denote the expanded singular set reduced modulo p h by 

Q3(/) = {ae [l,p 2h+1 ] ms , rank pft (^(a)) < Rr - 1} 
and observe that 58 (p h ) intersected with the diagonal 

D( P h ) = {a e [l,p 2h+1 r s ■ ai = ■ • • = a„J 

yields the singular set &(p h ) defined in (I3.ip . Hence by the inclusion-exclusion 
principle we have 

Card(6(/)) = Card n 

= Card(*B(/)) + Card(D(/)) - Card ( < B(p h ) U £(/)) . 

Since both 58(p' 1 ) and D(p h ) are defined over [l,p 2h+1 ] ms , the cardinality of the 
union is certainly bounded by p ms ( 2h + 1 ) _ Furthermore, the number of points on the 
diagonal is given by Card(£>(p' 1 )) ^p^ 2 '^ 1 ), and we have the upper bound 

Card(6(/)) > Card(Q3(/)) + p s ( 2h+1 ) - p ™Vh+i)_ 

This implies that when 

r R , m {P 2h+1 ) > p ms{2h+1) - p< 2h+1 1 + Card(©(/)), 

one has 

r R . m (p 2h+1 ) > Card(<8(/)), 

and consequently at least one of the solutions counted by T R , m {p 2h+1 ) has to be 
non-singular. If I is the least integer such that 

rank p !-i (^(a )) = i?r, 

then one has that I < h + 1 and M(l, 0) > 0. □ 
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Alternatively, we can perform the argument over Q p . In this setting, we have 
I={x6 Q™ s : $?(x) = for all j e J, 1 < p < R.\ 
for the solution space, and the singular locus of F is given by 
6 = {a e Q» p : rank(^(a)) < R - 1} . 

As before, we write 

<8 = {a e Q™ s , rank(^(a)) < Rr - 1} 

for the expanded singular locus. 

Observe that again the singular locus & can be recovered from *B by intersecting 
23 with the diagonal 

© = {a g Q" p ls : ai = . . . = a m }. 
We have dim(£>) = s and the affine dimension theorem implies that 

dim(6) > dim(«B) + dim(35) - ms, 
whence the dimension of the singular space is bounded by 

dim(Q5) < ms - (s - dim(6)). (3.2) 
The analogue of Lemma 13.11 over Q p is the following. 
Lemma 3.2. Suppose that one has 

dimX > ms — (s — dim((5)). 
Then there exists an integer a such that 

M(cr, 0) > 0. 

Proof. By (|3.2p there are non-singular solutions if dim(X) > ms — (s — dim(©)). 
We can therefore conclude that under the hypotheses of the lemma the parameter 
a is finite and M(a, 0) > 0. □ 

We can now use Lemma 13.11 or 13.21 respectively, to find a non-singular solution 
and lift it to a p-adic solution by means of Lemma l2~Tl This establishes an alternative 
version of Hensel's Lemma. 

Theorem 3.1 (Hensel's Lemma for linear spaces). X\, . . . , x s \ 

be forms of degree d, and m an integer. Furthermore, let ms > rR. Suppose that 
either for some integer h one has 

p ms(2h+i) _ Cax d(X(p h )) < p s ( 2h +V - Card(6(/)), (A) 
or alternatively 

dim(X) > s(m - 1) + dim(e). (B) 
Then there exists an I G N dependent only on the system F such that for any 
one has 

T R , m {p 2l+v - l )>p<™- Rr \ 
In particular, the variety defined by F = contains a non-singular p-adic linear 
space of dimension m. 

The condition in (TAJ seems slightly cumbersome; it requires that the relative 
number of solutions be greater than the relative number of singular points, where 
the relations are taken in an additive sense. In particular, if m — 1 the condition 
([A"]) reduces to 

Card(£(/)) > Card(6(/)), 
which is equivalent to demanding the existence of a non-singular solution modulo 
p 2h+1 . Thus, Theorem 13.11 reproduces the classical version of Hensel's Lemma ( |10l 
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Prop. 5.21]) in this case. The alternative hypothesis is essentially the same, except 
for being formulated in terms of dimension instead of cardinalities. In fact, the 
analogy becomes obvious if one expresses condition (|B]) in the shape ms — dim(X) < 
s — dim((3). 

In its present shape, our new version of Hensel's Lemma is only of limited use to 
us, as it is not well suited to our general state of knowledge. In fact, while there are 
many results available about the least number of variables required to guarantee the 
existence of p-adic solutions to polynomial equations, we tend to know less about 
the number of solutions for any given modulus or over Q p . It would therefore be 
desirable to rephrase the conditions in Theorem 13.11 in terms of existence of p-adic 
solutions only. This is indeed possible. 

Lemma 3.3. Suppose 

s-dim(6) >j%(R,m). 
Then the system (|2.3p possesses a non- singular p-adic solution. 

Proof. Let b = dim 25. By a suitable version of Bertini's Theorem such as [TSl 
Lemma 2.6] we can find a hyperplane Ho C Q™ s such that the intersection X n Hq 
has a singular locus of dimension 

dim(*BniJo) < max {-1,6- 1}. 

Thus after k iterations we find a set 

Sj k = H Q n . . . n H k 

such that the expanded singular locus 23 (~l $)k is of dimension at most b — (fc + 1). 
For k = b this equals —1, so we can infer that the set 23 n S)b is empty and thus 
Infit consists only of non-singular points. It suffices therefore to show that the 
set X fl f)b is non-empty. 

Since all the Hk are hyperplanes contained in Q™ s , the space Srjb is isomorphic 
to A ms " b " 1 (Q p ), and by its dimension is 

dim(i3b) = ms — b — 1 > s — dim & — 1. (3-3) 

In order to show that Xnfib is non-empty, it is therefore enough to show that the 
system F = contains an m-dimensional p-adic space contained in Sjb. However, 
by the definition of 7$(-R, to) and (|3.3p this is guaranteed if 

s — dim & — 1 > 7 5 (R, to) . 

□ 

Altogether, on combining Lemma 13.31 with Theorem 13.11 we obtain the following. 

Theorem 3.2. Let . . . , F^ RS> G Z[xi, . . . , x s ] be as above, and m an integer. 

Furthermore, suppose that ms > Rr, and that 

s — dim & > 7j (R, m) . 

Then the hypersurface F^ = ... = F^ R ' = contains a non-singular p-adic linear 
space of dimension m, and there exists an I G N dependent only on the system F 
such that for any i/gN one has 

Tr^+v-^^p"^-^. 

This implies that for any given system of equations which is not too singular 
the quantity Tji :m (p h ) is of the expected order of magnitude virtually as soon as it 
one has a non-trivial p-adic solution. Notice also that for m = 1 one has r — 1 and 
hence Theorem 13.21 reproduces standard results such as [HI Lemma 17.1]. 
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4. Birch's Theorem and Cubic intersections 

For our proof of Theorem 1 1.1 1 we notice that by the classical arguments of Birch's 
Theorem as in [3] the condition s — dim & > Hd(m, R) suffices to establish a Hasse 
Principle. Furthermore, as per |17l §2] the real density \oc is non-zero provided 
the degree d is odd, so the only thing that remains to show is that if s — dim 6 > 
7^ (to, R) the p-adic densities as well will be non-zero. 

In [31 eq. (35)] we showed that the constant \ P can be expressed as 

i i 

oo P P 

X P = Y.P~ lmS Y. E e(3(x;p-'u)), (4-1) 

1=0 x=l u=l 

(n.p)=i 

where we followed the notation from [3J in writing u = (uf )jeJ,i<p<R and 

S(x;u) = ^5>f^(x). 
p=i jeJ 

Furthermore, it follows from [3J Lemma 12] that for s — dim 6 > Hd(R, to) one has 

i i 

x=l u=l 

(h,p)=i 

for some 5 > 0. By a standard argument (see [SJ Lemma 5.2 and Cor.] for instance) 
this implies \v = 1 + 0(p~( 1+ ^) and thus 

1/2 < [] X P < 3/2 

P>Po 

for for some suitable pq. It remains to show that every individual \p 1S positive. 

The expression in (|4.ip can be transformed by what are essentially standard 
operations into the following, more intuitively accessible version. 

Lemma 4.1. We have 

Xp - lim p^ Rr - m ^T R . m (p l ). 

i—>oo 

Proof. This is like [6, Lemma 5.3]. Notice that the vector u has Rr components, so 
by (12. 4p and standard orthogonality relations one has 

r R , m (p r ) = P - iRr J2 E e (zfrp~^) ■ 

x=l u=l 

Furthermore, we can force a coprimality condition on the sum by writing 
EEe(S(x; p -<u))=X; E Ee(5(x;^u)) 

x— 1 u— 1 I < i u— 1 x— 1 

(u 5 p)=l 

= J2pW™ j2 Ee(5(x;^u)). 

l<i 3i=l x=l 

(u,p)=l 

Combining these two statements and taking the limit i — > oo completes the proof. 

□ 



FORMS IN MANY VARIABLES AND p-ADIC SOLUBILITY 



11 



In order to prove \ p > for any prime p it therefore suffices to show that there 



is a constant c p such that 



for all sufficiently large i. This is immediate from Theorem 13. 2[ provided that the 
number of variables s obeys 

s — dim 6 > to). 

Replacing j^(R,m) by 7*j(-R, to) therefore implies that the product over all p- 
adic densities is positive, which completes the proof of the theorem. 

Often it is useful to express results of a shape similar to that of Theorem II. 1 1 in a 
way that avoids explicit mention of the singularities. Let therefore h(F) denote the 
least integer h that allows a form F to be written identically as a decomposition 

F(x) = d^I^x) + • ■ • + G h (x)JT h (x) 

of forms Gi,Hi G Q[x] of degree strictly smaller than deg(F). For a system of 
forms one takes the minimum over the forms in the rational pencil of the (F^ ) 
and defines 

h(F) = minh^F^ + ■■■ + ^P^) , 
where c runs over the non-zero elements of <Q R . 

Corollary 1. Let F, R, and m be as in Theorem \l.ll and let d be odd. Then the 
number of linear spaces satisfies (jl.3p . provided that 

h(F) > {\og2)- d d\majt{H d {R,m), 1 * d {R 1 m)} + (log 2)- d d\(d - l)R(R - 1), 

and the product of the local densities Xoc T[ p Xp * s positive. 

Corollary 2. Let F^\ . . . , be cubic forms such that no form in the rational 

pencil vanishes on a linear space Y with 

codimK < max {H(R, to), 73 (-R, to)} . 

Then the asymptotic formula from Theorem \1.1\ holds true and the local densities 
are positive. 

Proof. These correspond to Corollary 1 and Theorem 5 in [3] , respectively, and the 
proofs are identical. □ 

It remains to complete the proof of the closely related Theorems 11.21 and 11.31 
The key inequality we will be using is 

R 

la(R,m) < ^ max {# 3 (p, to), 7! (p, to)}, (4.2) 
P =i 

the proof of which is identical to that of the respective inequality in [3l §8]. Into 
this we insert the bound y%(R, 1) < 5300i?(3i? + l) 2 of PH Thm 1] and obtain 

R 

7s(-R,l) < max {5300p(3p+l) 2 , 8^(^+1)} 
P =i 

= 5300 (9R 2 {R + l) 2 /4 + R(R + 1)(2R + 1) + R(R + l)/2) 
= 5300R(R + 1) (9i? 2 /4 + 17.R/4 + 3/2) 
< 11925i?(i?+ l) 3 . 
This proves Theorem 11.21 
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For larger m the first estimate can be derived from the treatment of the case 
rn = 1 . Notice that by (|2.2p the R cubic forms expand into a system of rR equations 
in altogether ms variables, given by 

*h,h,h = (i < p < i < ii < ia < h < m). 

Thus if 

ms > (Rr f X (i?m 3 ) 4 , 

the $j P ^ contain a common zero by the treatment of the case m = 1. In particular, 
since we can safely assume m > 2 and therefore m + 2 < (4/3)(m + 1), we have 

j 3 (R >m ) < m-^Rr,!) 

< m- 1 ((13/6)Rm(m + l)(m + 2)) 4 < 30i? 4 (m + l) u . 

On the other hand, following through the argument of [3j §8] , we see that insert- 
ing the bound 

7s (R,m) < 10(6i? 2 + mR) 2 
recorded in [3l Lemma 16] into (14. 2[) yields 

R 

53 7s(/°> m ) ^ 10 /3( R + i) 3 ™ 2 + 30(ii + l) 4 ™ + 72(i? + l) 5 
p=i 

< 106max{(i? + l) 3 m 2 ,(i? + l) 5 }. 

Finally, one has 

R R 

2 fr 3 (p, m) = 53 24 P(P r + !) < 8(i2 + l) 3 r + 12i?(i? + 1), 

P =i P =i 

where 

r = m(m + l)(m + 2)/6 < (m+ l) 3 /6. 
Combining these estimates one sees that 

73(-R,m) < 106max{(i?+l) 5 ,(i? + l) 3 (m + l) 3 }. 

For the sake of completeness it should be mentioned that the methods used do 
not yield honest linear spaces unless we can ensure that the span of the vectors is 
of the right dimension. Let s > 73 (i?,m) for some m and suppose for convenience 
here that m is even. Then wg Ccin find, distinct vectors Xi, . . . , x m contained in 
the intersection of the R hyperplanes, and following the proof of Theorem 3 in 
[U| one shows that the vectors xi, . . . , x m are at least of rank m/2, provided that 
s > 2Rrd/m + m/2. This requirement is, however, easily met by any s obeying the 
statements, and one has a proper m-dimensional space as soon as s > 73 2m). 

Note that under further assumptions there are better bounds on J^{R, 1) avail- 
able. The rather large constant can be improved significantly for all odd primes 
Theorem 1], so if 2-adic solubility is granted, one does much better. On the 
other hand, Leep and Schmidt |13l p. 546] and Wooley |201 Lemma 3.1] were able to 
bound the quantity 7*r(-R, 1) by quartic polynomials in R that have much smaller 
coefficients and thus prevail for small R. Obviously, these improvements carry over 
into our situation. 
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